
Uncertainty: 
The variance in a time series of load before normalisation can be divided in: 

𝜎𝜎2 = 𝜎𝜎𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦2 + 𝜎𝜎𝑏𝑏𝑦𝑦𝑏𝑏𝑏𝑏𝑦𝑦𝑦𝑦𝑏𝑏 𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦
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Statistical principle: ”Propagation of errors” 

Let X be the sum of n stochastically independent measured inputs Xi 

𝑋𝑋 = �𝑋𝑋𝑖𝑖.
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The variance of X can be calculated as: 

𝜎𝜎𝑋𝑋2 = 𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋) = �𝜎𝜎𝑋𝑋𝑖𝑖
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The standard deviation is then calculated as: 

𝜎𝜎𝑋𝑋 = ��𝜎𝜎𝑋𝑋𝑖𝑖
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And the relative standard deviation (denoted the imprecision) is calculated as 
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The calculation of the total inputs from the monitored areas constitute of measurements from 238 
stations in streams. These stations cover approximately 55% of the total Danish catchment area. 
Bias and precision can then be calculated as 

𝑖𝑖𝑖𝑖𝑖𝑖𝑉𝑉𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 (%) =
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(Principle: sum of a number of stochastically independent measured inputs) 

Here 𝑏𝑏𝑖𝑖𝑉𝑉𝑖𝑖𝑖𝑖 and 𝑖𝑖𝑖𝑖𝑖𝑖𝑉𝑉𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 are the individual biases and imprecisions (given in decimal 
notation) for each river indexed by i. 

The total uncertainty can then be calculated as 

𝑢𝑢𝑖𝑖𝑖𝑖𝑖𝑖𝑉𝑉𝑢𝑢𝑉𝑉𝑖𝑖𝑖𝑖𝑢𝑢𝑢𝑢 (%) =
100
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Total nitrogen: 

Measured area: 

A Monte Carlo study (Kronvang & Bruhn, 1996) based on daily samples has shown that for Danish 
streams categorized by their catchment area, the following values for bias and imprecision are valid 
for TN load (yearly): 

0-50 km2:  Bias: -1% to -3%;  Imprecision: 1-3% 

50-200 km2:  Bias: -0.7% to -3%;  Imprecision: 1-3% 

>200 km2:  Bias: -1% to -4%;  Imprecision: 2-5% 

These number are valid for the yearly load from one stream station and include the uncertainty of 
laboratory analysis, yearly variation of concentrations and stream discharge and uncertainty from 
the method for calculating yearly load (by linear interpolation). The uncertainty from the 
measurement of the concentration in the stream (placement of bottle horizontal and vertical in the 
stream) is not included and therefore 2% is added to the imprecision in the 3 categories. 

Using the formulae, it can be calculated that the total bias is -1% to –3%, the total imprecision is 
0.7% to 1.2% and the total uncertainty is 0.7% to 1.3%.  

  



Unmeasured area: 

The TN input from the unmonitored areas is based on model estimates for 1286 very small 
catchments covering the rest of the Danish area (45%). The year load from each small catchment is 
calculated using the formula 

𝐿𝐿 = 𝑁𝑁𝑁𝑁𝑖𝑖𝑁𝑁𝑁𝑁𝑢𝑢𝑖𝑖𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚𝑦𝑦𝑚𝑚 + 𝑅𝑅𝑚𝑚𝑦𝑦𝑙𝑙𝑦𝑦 + 𝑅𝑅𝑠𝑠𝑏𝑏𝑦𝑦𝑦𝑦𝑦𝑦𝑚𝑚 + 𝑁𝑁𝑏𝑏𝑦𝑦𝑠𝑠𝑏𝑏𝑦𝑦 − 𝑅𝑅𝑏𝑏𝑚𝑚𝑏𝑏𝑦𝑦𝑚𝑚  

 

𝑁𝑁𝑁𝑁𝑖𝑖𝑁𝑁𝑁𝑁𝑢𝑢𝑖𝑖𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚𝑦𝑦𝑚𝑚 = the estimated nitrogen inputs from the model 

𝑅𝑅𝑚𝑚𝑦𝑦𝑙𝑙𝑦𝑦=  Estimated nitrogen retention in lakes  

𝑅𝑅𝑠𝑠𝑏𝑏𝑦𝑦𝑦𝑦𝑦𝑦𝑚𝑚 =  Estimates nitrogen retention in streams 

𝑁𝑁𝑏𝑏𝑦𝑦𝑠𝑠𝑏𝑏𝑦𝑦 = Nitrogen inputs from waste water 

𝑅𝑅𝑏𝑏𝑚𝑚𝑏𝑏𝑦𝑦𝑚𝑚  = Total nitrogen retention.  

Bias and imprecision for these components (based on both numerical calculations, the study by 
Kronvang & Bruhn (1996) and estimates): 

Components Bias (%) Imprecision (%) 
Model -15 to 25 12 to 15 
Retention lake -5 to 5 40 
Retention stream -5 to 10 40 
Retention total -5 40 
Point source: industry -3 to -1 1 to 10 
Point source: waste water -3 to -1 1 to 10 
Point source: fishfarms -3 to -1 1 to 20 
Point source: rain water -5 40 

 

The total bias for the unmonitored area is calculated to 20% to 28%, the total imprecision is 0.8% to 
2.0% and the total uncertainty is 1.2% to 2.2%.  

The model bias is actually removed resulting in a total bias of -1% to 1% and an uncertainty of 0.8% 
to 2.1% for the unmonitored area. 

For the total Danish catchment area, combing the calculated bias, imprecision and uncertainty for 
both the monitored and unmonitored areas, we get a total bias of 7.4% to 12.8%, a total imprecision 
of 0.5% to 1.1% and a total uncertainty of 0.7% to 1.2% on TN inputs. Without model bias, we get a 
total bias of -2.6% to 0%, a total imprecision of 0.5% to 1.1% and a total uncertainty of 0.5% to 1.2% 
on TN inputs. 

 

  



Total phosphorus: 

Measured area: 

0-50 km2:  Bias: -16% to -27%;  Imprecision: 20-39% 

50-200 km2:  Bias: -2% to -5%;  Imprecision: 11-15% 

>200 km2:  Bias: -2% to -4%;  Imprecision: 5-10% 

With respect to total phosphorus (TP), calculations show that for the measured area the bias is -6 
to -3%, the imprecision is 1 – 2% and the uncertainty is then 1 – 2.5%.   

Unmeasured area: 

Bias and imprecision for these components (based on both numerical calculations, the study by 
Kronvang & Bruhn (1996) and estimates): 

Components Bias (%) Imprecision (%) 
Model -5 to 40 20 to 25 
Retention lake -5 to 5 40 
Point source: industry -4 to -2 5 to 10 
Point source: waste water -4 to -2 5 to 10 
Point source: fishfarms -4 to -2 5 to 10 
Point source: rain water -5 40 

 

For the unmeasured area the bias is between -5 and 30%, the imprecision is 1 – 3% and the 
uncertainty is 1 – 4%. 

The model bias is also removed for TP resulting in a total bias of -3% to -0.6% and an uncertainty of 
0.9% to 3.5% for the unmonitored area. 

For the total Danish catchment area, combing the calculated bias, precision and uncertainty for both 
the monitored and unmonitored areas, we get a total bias of -6% to 22%, a total imprecision of 1% 
to 2.3% and a total uncertainty of 1% to 3.1% on TP inputs. Without model bias we get a total bias 
of --4% to 1.2%, a total imprecision of 1% to 2.3% and a total uncertainty of 0.7% to 2.7% on TP 
inputs. 

Kronvang, B. and Bruhn, A.J. (1996) Choise of sampling strategy and estimation for calculating 
nitrogen and phosphorus transport in small lowland streams. Hydrological Processes, 10, 1483-
1501. 
 


